INTRODUCTION
While the use of hy erspherical coordinates to describe two-electron systems is quite old,le8 it was ~acek'sg introduction of a quasi-separable approximation in hyperspherical coordinates which made possible a host of theoretical studies elucidating the symmetries of doubly-excited states and the dynamics of processes involving two-electron atoms and ions. This work, up to about mid 1982, has been reviewed by ~an0.l O However, much additional progress has been made since 1982, particularly on the symmetries of doubly excited electronic states, on the correspondences with molecular descriptions of two-electron systems, on the limitations of the quasi-separable approximation at small and at large distances, and on the hyperspherical descriptions of systems with an arbitrary number of electrons. It is the purpose of this and the next three papers, then, to present an updated review of our current theoretical understanding of electron correlations.
In this first paper we review the hyperspherical description of two electron systems, beginning with the quasi-separable approximation of acek kg and its applications. We next discuss the concept of two electron motion along a potential ridge as the llpathwayn by which two-electron states of high excitation are realized. The need for alternative representations of two-electron wave functions near the nucleus and at distances far from the nucleus is then analyzed. Finally, a number of extensions of the quasi-separable approximation in hyperspherical coordinates to other three-particle systems are mentioned.
The following three papers in this series on the theory of electron correlations are concerned with these additional aspects: the paper of Lin discusses the symmetries of two-electron excited states, primarily based on the quasi-separable approximation in hyperspherical coordinates; the paper of Feagin discusses a molecular description of two-electron adiabatic potentials and symmetries; finally, the paper of Cavagnero discusses the hyperspherical description of N-electron atoms and ions, with N > 2.
THE HYPERSPHERICAL REPRESENTATION
+ + A two electron wavefunction $(rl,r2) is usually described by the six coordinates rl, 1-2, F1, and b2 of the two electrons. In hyperspherical coordinates the magnitudes of the individual radial coordinates, rl and 1-2, are replaced by a hyperspherical radius, R, and a hyperspherical angle, a, where and a E arc tan (r2/rl). ( 2 ) The radius R measures the flsize" of the two electron state, while the angle a measures the radial correlation of the two electrons. Note that when a = s/4, rl = r2; when a = 0 or = s/2, one of the electrons is at a much larger distance from the nucleus than the other. Fig. 1 shows contour h2 p l o t s 1 l * l and F i g . 2 
Before summarizing t h e f e a t u r e s of t h e ~c h r i d i n~e r e q u a t i o n i n t h e s e c o o r d i n a t e s l e t u s look f i r s t a t p l o t s of approximate two-electron probab i l i t i e s , ] $ (~, a , ? i ,?-2) , i n t h e s e c o o r d i n a t e s .

s ows r e l i e f maps1 3 f o r t h e p r o b a b i l i t y d i s t r i b ut i o n s of t h e s i n g l y -e x c i t e d s t a t e l s 2 s and t h e doubly-excited s t a t e 2s2 of He. (Note t h a t t h e wave f u n c t i o n s a r e c a l c u l a t e d i n t h e approximation t h a t each e l e c t r o n h a s an o r b i t a l
a n g u l a r momentum equal t o z: ro i n o r d e r t o e l i m i n a t e a l l dependence on t h e a n g u l a r v a r i a b l e s and 1-2; s i n c e t h e a n g u l a r dependence is t r i v i a l , t h e s e s t a t e s a r e symmetric about a = s / 4 , i . e . , under interchange of r l and r 2 . ) The most obvious d i s t i ng u i s h i n g f e a t u r e s of t h e two p r o b a b i l i t y d i s t r i b u t i o n s is t h a t t h e one f o r t h e s i n g l y e x c i t e d s t a t e is l a r g e s t along ci = 0 and a = s / 2 (implying one e l e c t r o n i s much f u r t h e r from t h e nucleus t h a n t h e o t h e r ) while t h e one f o r t h e doubly e x c i t e d s t a t e is l a r g e s t along a = s / 4 (implying both e l e ct r o n s a r e comparably e x c i t e d , i . e . , a = n/4 when r l = r 2 ) . A second i mp o r t a n t f e a t u r e is t h e behavior of t h e nodal l i n e s f o r t h e two p r o b a b i l i t y d i s t r i b u t i o n s . The l s 2 s s t a t e h a s a s i n g l e nodal l i n e along R = 2, while t h e 2s2 s t a t e has two nodal l i n e s along a = constant: one along 5O < a < 30° and t h e o t h e r along 60° < a < 85O. The f a c t t h a t t h e p a t t e r n of nodal l i n e s is approximately a l o n g t h e orthonormal g r i d of c o n s t a n t R and c o n s t a n t a i m p l i e s a q u a s i -s e p a r a b i l i t y of R and a coordinates. The nodal l i n e p a t t e r n f o r a p a r t i c u l a r s t a t e s e r v e s a l s o t o c l a s s i f y t h e s t a t e . l 3 The ground s t a t e of He, l s 2 I S , h a s a s p h e r i c a l l y symmetric p r o b a b i l i t y d i s t r i b u t i o n and i s t h e f i r s t member of t h e singly-excited channel l s n s I S , which converges t o t h e ~e + ( n = l ) t h r e s h o l d . The s i n g l e node i n R f o r t h e s t a t e l s 2 s I S , shown i n F i g s . 1 ( a ) and 2 ( a ) , c h a r a c t e ri z e s i t a s t h e second member of t h e l s n s channel. The s t a t e 2s2 IS, shown i n F i g s . l ( b ) 
and 2 ( b ) , h a s no r a d i a l nodes. I t is t h e f i r s t member of t h e Rydberg s e r i e s 2 s n s I S converging t o t h e He+(n=2) t h r e s h o l d . The two nodes approximately along c o n s t a n t a , symmetrical about a = r / 4 , chara c t e r i z e 2s2 a s a member of t h i s second Rydberg channel. Thus nodes i n R c h a r a c t e r i z e t h e e x c i t a t i o n of a s t a t e w i t h i n a channel while nodes i n a c h a r a c t e r i z e t h e v a r i o u s channels. 3
Two-Electron ~c h r o d i n~e r Equation
I n h y p e r s p h e r i c a l c o o r d i n a t e s t h e n o n -r e l a t i v i s t i c two-electron Schrodinger e q u a t i o n becomes
where t h e p o t e n t i a l -C(a, 0 1 2 ) is p r o p o r t i o n a l t o t h e sum of t h e nuclear and e l e c t r o s t a t i c p o t e n t i a l s ,
+ + 11 and 12 are the usual orbital angular momentum operators for the individual electrons, 812 f cos-I PI $2, and Z is the nuclear charge.
In the hyperspherical coordinate method of ~acek,g the two-electron + + wavefunction $v(rl,r2)AisAexpanded in terms of a complete set of adiabatic eigenfunctions $,,(R;a,rl,rZ), which depend parametrically on the hyperspherics; radius, R, and are functions of the five angular variables, a, ' 1 , and 1-2. The form of t ) is thus:
The angular function @I,, is defined to satisfy the following differential equation in atomic units (H = e = m = 1):
Here -C(a,812) is defined in Eq. ( 4 ) and Up(R) is an eigenvalue which is parametri.cally dependent on R. Upon substituting Eq. (5) in the two-electron Schrodinger equation and using Eq. ( 6 1 , one obtains the following set of coupled differential equations for the radial functions Fpv(R):
In Eq. (7) the coupling matrix elements ($,,,an$,,,/a~n), n = 1,2, involve integration over the five angular variables only and are thus parametrically dependent on R.
The Quasi-Separable Approximation Each of the potentials U,,(R) and its corresponding angular eigenfunction $, , define a hyperspherical channel p. These channels are coupled through the radial derivative matrix elements in Eq. (7). In a quasiseparable hyperspherical (QSH) approximation, 9 one ignores the coupling terms in the second set of braces in Eq. For simplicity one usually sets p = v and drops the double subscripts on F when referring to the quasi-separable approximation solutions. One sees from Eq. (8) that the quasi-separable approximation amounts to assuming that motion in R and motion in a are approximately independent of each other. This quasi-separability was inferred from Figs. 1 and 2, which show electron density plots obtained from quasi-separable approximation wave functions. This behavior may be confirmed by examining correlated two-electron wavefunctions and observing that the nodal lines of such wavefunctions also lie approximately along constant R and along constant a.14 It should be emphasized that although only single radial and angular functions are used to represent the two-electron wave function in Eq. (8) , much electron correlation is implicitly included. This is illustrated in Fig. 3 , which shows the s2(IS), p2(1~), d2(Is), and f2(Is) components of the numerically calculated H-(I S) ground state angular function, $p. One sees clearly that these higher angular momentum components are significant at small R, near a = 1r/4 (i.e., rl = 1-21. As R increases, however, only the ss(lS) component contributes significantly, in accordance with the independent electron model, Notice also in Eq. (8) how all members of the channel p have the same angular function @u at any given R. Each state of excitation energy E within the channel is described by the radial function F p~: which is calculated in the channel potential Up(R) using Eq. ( 7 ) and Ignoring the off-diagonal coupling terms. Because each member of a Rydberg series of doubly excited states has the same angular function $ , and has a radial function FpE(R) that is calculated in the same potential Up(R), the 
t upon examination of U,,(R) and $p. I n what f o l l o w s we i l l u s t r a t e t h e use of t h e p o t e n t i a l s Uu(R) t o c l a s s i f y twoe l e c t r o n e x c i t a t i o n channels. We then survey t h e accuracy of numerical p r e d i c t i o n s o b t a i n e d using t h e quasi-separable approximation.
APPLICATIONS OF THE QUASI-SEPARABLE APPROXIMATION
H y p e r s p h e r i c a l C l a s s i f i c a t i o n of Two-Electron E x c i t a t i o n Channels
The f i r s t major success9 of t h e quasi-separable approximation i n h y p e r s p h e r i c a l -c o o r d i n a t e s was t h e c l a s s i f i c a t i o n and i n t e r p r e t a t i o n of t h e photoabsorption spectrum of H e i n t h e r e g i o n of t h e doubly e x c i t e d 
Rydberg s t a t e s converging t o t h e n = 2 t h r e s h o l d . I n t h e usual c l a s s i f ic a t i o n scheme t h e r e should be t h r e e Rydberg
s 1 7 i n t e r p r e t e d t h e r e l a t i v e i n t e n s i t i e s of t h e two observed s e r i e s i n terms of t h e so-called and
-11
s e r i e s , (2snp c 2pns)1 P. The " + " s e r i e s members a r e more i n t e n s e t h a n t h o s e of t h e tl-ll s e r i e s because t h e corresponding wavefunctions of t h e "+" members have a much l a r g e r amplitude n e a r t h e o r i g i n , allowing t h e r ef o r e a much l a r g e r o v e r l a p with t h e ground s t a t e . T h i s scheme, however, does n o t e x p l a i n t h e weakness of t h e 2pnd I P channel. Fig. 5 
, however, shows Macek's h y p e r s p h e r i c a l p o t e n t i a l s Uv(R) f o r t h e t h r e e channels p converging t o the.n=2 s t a t e o f ~e + . One s e e s immediately t h a t t h e t h r e e channels have v a s t l y d i f f e r e n t c e n t r i f u g a l b a r r i e r s n e a r t h e o r i g i n , exp l a i n i n g t h e l a r g e i n t e n s i t y d i f f e r e n c e s of t h e t h r e e allowed channels. Furthermore, t h e f i r s t two h y p e r s p h e r i c a l channels have t h e I T + " and lv-lf c h a r a c t e r i s t i c s p r e d i c t e d by Cooper e t a l . I 7 -
S i m i l a r work h a s been c a r r i e d o u t f o r t h e doubly e x c i t e d s t a t e s o f ' H by ~i n l~
and by ~r e e n e . l g Fig. 6 shows L i n 1 
s l 8 h y p e r s p h e r i c a l p o t e n t i a l s f o r t h e t h r e e PO doubly e x c i t e d Rydberg s e r i e s converging t o t h e n=2
RESONANCES
H y p e r s p h e r i c a l p o t e n t i a l c u r v e s -u~/ R~ v s . R f o r t h e t h r e e H e d o u b l y e x c i t e d I P c h a n n e l s c o n v e r g i n g t o t h e n=2 s t a t e o f ~e + . (From Ref. 9)
F i g . 6. E f f e c t i v e h y p e r s p h e r i c a l p o t e n t i a l c u r v e s up(R) v s . R f o r t h e t h r e e H-d o u b l y -e x c i t e d I P c h a n n e l s c o n v e r g i n g t o t h e n=2 s t a t e o f H. Note
, however, produce a shape resonance i n t h i s channel above t h r e s h o l d . l.he 11-TI p o t e n t i a l is a t t r a c t i v e a t l a r g e R and c a n s u p p o r t a n i n f i n i t y of Feshbach resonances. The "pdW channel is r e p u l s i v e a t a l l R v a l u e s . Fig.  7 
shows C r e e n e l s h y p e r s p h e r i c a l p o t e n t i a l s f o r t h e doubly e x c i t e d l p O c h a n n e l s converging t o t h e n = 3 s t a t e of H. I n t h i s c a s e t h e "+" p o t e n t i a l is always a t t r a c t i v e and, s i n c e i t s c e n t r i f u g a l b a r r i e r i s weaker t h a n t h o s e o f t h e o
t h e r c h a n n e l s , t h e "+" s e r i e s is t h e most s t r o n g l y e x c i t e d from t h e ground s t a t e . Greene used t h i s h y p e r s p h e r i c a l channel c a l c u l a t i o n and quantum d e f e c t t h e o r y (QDT) t o i n t e r p r e t t h e r e s o n a n c e s o b t a i n e d by Hamm e t a1.20 i n t h e photodetachment spectrum of H-n e a r t h e n=3 t h r e s h o l d a s due t o t h e "+" s e r i e s resonances. The d a t a and G r e e n e l s QDT f i t a r e i n e x c e l l e n t agreement, a s shown i n F i g . 8.
Energies, Phase Shifts, and Cross Sections
The q u a s i -s e p a r a b l e approximation i n h y p e r s p h e r i c a l c o o r d i n a t e s t h u s p r o v i d e s a v e r y a c c u r a t e q u a l i t a t i v e d e s c r i p t i o n o f Rydberg s e r i e s of doub l y e x c i t e d s t a t e s i n He and H-.
But how good a r e t h e q u a n t Regarding phase shifts, ~i n~l calculated the e-H elastic scattering phase shift for values of electron momenta, k, in the range, 0 2 k (a.u.1 I 0.7. He used both the quasi-separable (one channel) hyperspherical approximation as well as a coupled two'channel hyperspherical approach. As shown in Table I for k = 0.1 a.u. the quasi-separable approximation phase shift of 2.513 rad. is closer to the llexactll variational result of 2.553 rad. of schwarti29 than is the three-channel close-coupling result of 2.491 rad. of Burke and ~c h e y . 3~ For k 2 0.3 a.u., however, the quasi-separable approximation results21 are lower than the three-channel close-coupling r e s~l t s 3~ and both of these calculated predictions are lower than the variational results,21 with the quasi-separable approximation results becoming increasingly too low as k increases. Coupling two hyperspherical adiabatic (quasi-separable) channels improves the hyper- 
i t a t i v e pred i c t i o n s i n t h i s approximation? F o r t h e low v a l u e s of t h e channel index, u, which have been s t u d i e d , t h e answer depends on t h e e x c i t a t i o n energy above t h e minimum i n t h e h y p e r s p h e r i c a l p o t e n t i a l U p o f i n t e r e s t . For t h e l o w e s t e n e r g y s t a t e s c a l c u l a t e d i n t h e p o t e n t i a l s Up(R), t h e quasi-separab l e approximation e n e r g i e s a r e i n e x c e l l e n t agreement w i t h experiment and w i t h o t h e r t h e o r e t i c a l r e s u l t s ; t h e q u a s i -s e p a r a b l e approximation wave f u n c t i o n may a l s o be used c o n f i d e n t l y . However, h i g h e r energy s t a t e s of a p a r t i c u l a r channel c a l c u l a t e d i n t h e p o t e n t i a l Uu(R) a r e i n c r e a s i n g l y t o o h i g h i n e n e r g y , 9 i f bound, o r have t o o low phase i f unbound. T h i s is n o t s u r p r i s i n g s i n c e f o r h i g h e r e x c i t a t i o n e n e r g i e s t h e c o u p l i n g between t h e h y p e r s p h e r i c a l channels can no l o n g e r be ignored. Thus a t p r e s e n t t h e q u a s i -s e p a r a b l e approximation i n t h e h y p e r s p h e r i c a l c o o r d i n a t e approach p r o v i d e s a v e r y good i n i t i a l approximation t o t h e e x a c t e l e c t r o n wave f u n c t i o n , b u t its s y s t e m a t i c improvement f o r s t a t e s of moderate and h i g h e x c i t a t i o n energy t o p r o v i d e s t a t e -o f -t h e -a r t numerical p r e d i c t i o n s h a s been c a r r i e d o u t i n o n l y a few I n what f o llows, we p r o v i d e a few examples of t h e h i g h l e v e l of a c c u r a c y t o be exp e c t e d from t h e q u a s i -s e p a r a b l e approximation f o r t h e l o w e s t e x c i t e d
-------------~o u~i~~g b --~~-----~-+ --~~------~~--~~~---~~_ e s _ u is p h e r i c a l p r e d i c t i o n s s i g n i f i c a n t l y , making them b e t t e r t h a n t h e t h r e echannel c l o s e -c o u p l i n g r e s u l t s up t o k = 0.6. However, o n l y c a l c u l a t i o n s which i n c l u d e 7 coupled h y p e r s p h e r i c a l c h a n n e l s , 2 4 shown i n F i g . 9 , have p r o v i d e d r e s u l t s
e q u i v a l e n t t o t h o s e o f t h e v a r i a t i o n a l m e t h 0 d .~9 L a s t l y , r e g a r d i n g c r o s s s e c t i o n s , a c a l c u l a t i o n 2 3 of t h e photoionizat i o n c r o s s s e c t i o n of He u s i n g q u a s i -s e p a r a b l e approximation hyperspheri c a l c o o r d i n a t e wave f u n c t i o n s demonstrates t h e s t r e n g t h s and weaknesses o f t h e method. The i n i t i a l and f i n a l wave f u n c t i o n s f o
r t h e p r o c e s s b o t h have t h e form o f Eq. ( 8 ) . For t h e i n i t i a l s t a t e , p corresponds t o t h e l o w e s t I S p o t e n t i a l Up(R), and f o r t h e f i n a l s t a t e , p corresponds t o t h e l o w e s t P p o t e n t i a l Up(R). The p h o t o i o n i z a t i o n c r o s s s e c t i o n o b t a i n e d u s i n g t h e q u a s i -s e p a r a b l e approximation wave f u n c t i o n s is shown i n F i g . 10. F i g . 1 0 a l s o shows t h e r e v i s e d e x p e r i m e n t a l r e s u l t s o f samson,3l which have e r r o r b a r s o f +3$. The h y p e r s p h e r i c a l r e s u l t s l i e w i t h i n t h e s e e r r o r limits n e a r t h r e s h o l d ( f o r k i n e t i c e n e r g i e s 0.0 6 E 2 0.4 a.u.1 and i n f a c t a g r e e w i t h experiment t o w i t h i n 1 % a t t h r e s h
Discussion
We see from these numerous examples that the quasi-separable approximation in hyperspherical coordinates provides an excellent first approximation for the representation of two-electron states. Simply from the potentials U,, one can obtain much qualitative understanding of entire Rydberg series of two-electron excitations. Furthermore, the lowest energy states in each potential U,, are well represented by quasi-separable approximation wave functions, as confirmed quantitatively by calculations of energies, phase shifts, and cross sections. A simple improvement on the quasi-separable approximation in regions of sharply avoided crossings of the potentials U,, is to switch to a diabatic representation in these regions, as discussed in the next section. However, for energies far above the minima of the potentials U p of interest, quantitative accuracy requires the solution of the coupled equations (7). The few calculations which have been carried out indicate that the convergence of the calculated results proceeds slowly as the number of channels increases. Further analysis of this slow convergence is presented in the section after next. 
P H O T O E L E C T R O N ENERGY ( m u . )
EVOLUTION OF TWO-ELECTRON EXCITATIONS A n a l y s i s of the Angular Equation The h y p e r s p h e r i c a l c o o r d i n a t e approach has not only been used t o study s t a t i o n a r y s t a t e s , but a l s o t o understand q u a l i t a t i v e l y how a low-energy two e l e c t r o n s t a t e concentrated n e a r t h e o r i g i n evolves t o s t a t e s of high e x c i t a t i o n f a r from t h e o r i g i n upon r e c e i v i n g energy during a c o l l i s i o n process. The key i d e a , s t r e s s e d by ~a n o 3 5 and i l l u s t r a t e d g r a p h i c a l l y by ~i n , l 3 i s t h a t such s t a t e s d e s c r i b e motion along a p o t e n t i a l r i d g e cen-
t e r e d about t h e d i r e c t i o n a = a / 4 ( i . e . , r l = r 2 ) .
Consider Eq. ( 6 ) f o r t h e channel f u n c t i o n s $ , (~; a , r~ ,G2). The potent i a l -C(a,B12), d e f i n e d i n Eq. ( 4 ) , i s shown i n F i g . 11 f o r Z = 1 . S t a t e s having one e l e c t r o n more e x c i t e d than t h e o t h e r , i . e . , r 2 >> r l o r r1 >> '2, have an a n g l e f u n c t i o n 4 1~ with maximum amplitude i n t h e v a l l e y s of t h e p o t e n t i a l i n Fig. 11 , near a = 0 and a = n/2. Doubly-excited s t a t e s of comparable energy have r l . ; r 2 and t h u s t h e a n g l e f u n c t i o n @, , f o r t h e s e s t a t e s h a s maximum amplitude on t h e r i d g e of t h e p o t e n t i a l i n F i g . 11, n e a r a = r / 4 , and p r e f e r a b l y near cos812 = -1 ( i . e . , on o p p o s i t e s i d e s of t h e n u c l e u s ) . Fig. 11 . R e l i e f map of t h e p o t e n t i a l -C(a,B12) defined i n Eq. ( 4 ) 
Consider now t h e R-dependence of t h e a n g l e f u n c t i o n s I$,,. Eq. ( 6 ) shows t h a t t h e p o t e n t i a l -C is m u l t i p l i e d by R. For l a r g e enough R , t h e r e f o r e , t h e p o t e n t i a l -RC on t h e r i d g e becomes equal t o t h e eigenvalue U,,(R). A t t h i s " c l a s s i c a l t u r n i n g p o i n t u t h e a n g l e f u n c t i o n $, , has no more I f k i n e t i c energyTT of motion i n a on t h e r i d g e . For l a r g e r R v a l u e s , i t s amplitude on t h e r i d g e i s e x p o n e n t i a l l y damped and t h e p r o b a b i l i t y amplitude i n t h e channel p must r e t r e a t t o t h e v a l l e y s of t h e p o t e n t i a l i n Fig. 11, implyi n g t h a t f o r such l a r g e R values $v d e s c r i b e s s t a t e s with one e l e c t r o n more h i g h l y e x c i t e d t h a n t h e o t h e r . A l t e r n a t i v e l y , t h e two-electron s t a t e on t h e r i d g e may TThopll t o t h e n e x t higher channel v T . With a higher value o f -U,,(R), t h e two e l e c t r o n e x c i t a t i o n could move t o somewhat l a r g e r R along t h e r i d g e s i n c e t h e d i f f e r e n c e between -U v t and t h e t o p of t h e pot e n t i a l r i d g e of -RC would r e s t o r e some p o s i t i v e I T k i n e t i c energyT1 of mot i o n i n a. A c t u a l l y t h e v i c i n i t y of t h e c l a s s i c a l t u r n i n g p o i n t is
p r o p i t i o u s f o r s u c h a t r a n s i t i o n t o a h i g h e r channel p ' s i n c e t h e coupling m a t r i x e l e m e n t s ( c f . E q . ( 7 ) ) a r e l a r g e s t p r e c i s e l y where t h e channel f
u n c t i o n s a r e changing most r a p i d l y w i t h R . ~i n l 3 h a s shown g r a p h i c a l l y how t h e channel f u n c t i o n s @, behave a s f u n c t i o n s o f R . I n F i g s . 1 2 and 1 3 we show t h e H-(I S) c h a n n e l f u n c t i o n s $,,(R;a,012)
f o r p = 1 and p = 2 ( i . e . , t h e l o w e s t two h y p e r s p h e r i c a l c h a n n e l s ) . I n F i g . 1 
one s e e s t h a t a t R = 1 t h e c h a r g e d i s t r i b u t i o n i n t h e f i r s t channel is peaked a b o u t a = n/4, l y i n g on t h e p o t e n t i a l r i d g e .
A t R = 4, however, t h e c h a r g e d i s t r i b u t i o n is v a c a t i n g t h e r i d g e and movi n g t o t h e v a l l e y s n e a r a = 0 and a = n / 2 . By R = 8, p = 1 d e s c r i b e s a channel w i t h one e l e c t r o n much more h i g h l y e x c i t e d t h a n t h e o t h e r . F i g . 1 3 shows t h e n e x t h i g h e r h y p e r s p h e r i c a l channel f u n c t i o n . Note t h a t a t R = 4, p r e c i s e l y where p = 1 h a s a d e p r e s s i o n along t h e r i d g e , t h e p = 2 c h a n n e l ' s c h a r g e d i s t r i b u t i o n h a s a maximum. T h i s peak i n p = 2 a l o n g t h e r i d g e p r o g r e s s e s outward t o l a r g e r R v a l u e s u n t i l a t R = 1 2 a d e p r e s s i o n a p p e a r s a l o n g t h e r i d g e . I f two-electron s t a t e s i n p = 2 a r e t o move t o l a r g e r R and remain comparably e x c i t e d t h e y must hop a g a i n t o t h e n e x t h i g h e r h y p e r s p h e r i c a l c h a n n e l , and s o on. 
a d i i R a l o n g a p o t e n t i a l r i d g e h a s i t s o r i g i n s i n t h e Wannier~e t e r k o~-~a u 3~ a n a l y s i s o f e l e c t r o n impact i o n i z a t i o n n e a r t h r e s h o l d . I t s a p p l i c a t i o n t o q u a n t i t a t i v e p r e d i c t i o n s of e x c i t a t i o n c r o s s s e c t i o n s i s j u s t beginning. I n p a r t i c u l a r , r e c e n t s t u d i e s of p h o t o i o n i z a t i o n o f atoms
having a n o u t e r s2 s u b s h e l l have shown some common f e a t u r e s , which we now d i s c u s s . 
Adiabatic Vs. Diabatic Potentials
Consider f i r s t t h e c a s e o f helium. A s d i s c u s s e d above, t h e experiment a l o b s e r v a t i o n of o n l y a s i n g l e i n t e n s e Rydberg s e r i e s converging t o t h e n=2 threshol'd i n t h e p h o t o a b s o r p t i o n spectrum of He can be understood e a s i l y i n t e r m s of t h e h y p e r s p h e r i c a l p o t e n t i a l s shown i n Fig. 5. The p o t e n t i a l l a b e l l e d 111" is t h e s o -c a l l e d 11+" c h a n n e l , whose s t a t e s o v e r l a p t h e ground s t a t e much more e f f e c t i v e l y t h a n do s t a t e s i n e i t h e r t h e "2" o r 11 -11 p o t e n t i a l o r t h e "3" o r "dl1 p o t e n t i a l . Note however, t h a t t h e " 1 " and "211 p o t e n t i a l s c r o s s a t R = 7.64. F i g . 14, which examines t h i s r e g i o n i n g r e a t e r d e t a i l , shows t h a t t h e a d i a b a t i c o r q u a s i -s e p a r a b l e approximation p o t e n t i a l s a c t u a l l y do n o t c r o s s , b u t have i n s t e a d a s h a r p l y avoided c r o s s i n g . Because o f t h i s avoided c r o s s i n g o v e r a s m a l l r e g i o n i n R, t h e a n g l e f u n c t i o n s @,, have l a r g e d e r i v a t i v e s w i t h r e s p e c t t o R . I n f a c t , t h e c o u p l i n g m a t r i x e l ements a r e s o l a r g e t h a t t h e
shows t h i s exchange by p l o t t i n g t h e R-dependence o f t h e o v e r l a p i n t e g r a l o f @-(R=6.5) w i t h @-(R) and w i t h @ + ( R ) . Whereas f o r R < 7.64, <@-(6.511 @-(R)> is c l o s e t o u n i t y , a s exp e c t e d , and < @ -( 6 . ) I @ + ( R ) > is c l o s e t o z e r o , one f i n d s t h a t f o r R > 7.64 <+-(6:5)h(+(R)> is c l o s e t o u n i t y and ' (~( 6 . ) I$-(R)> is c l o s e t o z e r o . What i s appening is t h a t e l e c t r o n i c e x c i t a t i o n s populated i n t h e "+"
c h a n n e l a t s m a l l R proceed outward a t l a r g e r R and llhopll from t h e quasis e p a r a b l e "+" channel t o t h e "-" channel n e a r R = 7.64. 
Photoionization of Be
Compare now t h i s d i a b a t i c behavior observed i n p h o t o i o n i z a t i o n p l u s e x c i t a t i o n o f He l e a d i n g t o s t a t e s converging t o t h e n=2 t h r e s h o l d w i t h p h o t o i o n i z a t i o n of t h e
n t r a l p o t e n t i a l s o t h a t o n l y t h e c o r r e l a t i o n of t h e o u t e r two e l e c t r o n s was t r e a t e d . )
G r e e n e 7 s procedure i s t o c a l c u l a t e t h e two a d i a b a t i c p o t e n t i a l s U,,(R) and a n g l e f u n c t i o n s $, , u s i n g t h e a n g u l a r 
. H i s r e s u l t s a r e i n r e a s o n a b l e agreement w i t h t h e c l o s e -c o u p l i n g c a l c u l a t i o n o f Dubau and w e l l d 8 and show a v e r y l a r g e i n t e n s i t y f o r excit a t i o n of t h e i o n t o t h e 2p l e v e l . The most i n t e r e s t i n g a s p e c t of G r e e n e l s c a l c u l a t i o n 3 7 is t h e s i m i l a ri t y h i s h y p e r s p h e r i c a l wave f u n c t i o n s show t o t h o s e i n He, t h e r e b y i n d ic a t i n g a s i m i l a r behavior f o r He
, Be, and a l l t h e a l k a l i n e e a r t h s . I t i s i n s t r u c t i v e f i r s t t o compare t h e h y p e r s p h e r i c a l p o t e n t i a l s Uv(R) f o r t h e He I P l e v e l s converging t o t h e u=2 t h r e s h o l d , shown i n F i g . 5, t o t h e c o r r e s p o n d i n g p o t e n t i a l c u r v e s i n Be, shown i n F i g . 16 . One s e e s immedia t e l y from F i g . 5 why o n l y one of t h e ~e + (n=2) e x c i t a t i o n c h a n n e l s , p = 1 , is s t r o n g l y populated; it h a s a much l e s s r e p u l s i v e p o t e n t i a l b a r r i e r t h a n e i t h e r t h e p = 2 o r u = 3 c h a n n e l s . Furthermore, t h e channel funct i o n $u f o r t h e "+" channel (~= 1 ) is symmetric i n a , having a n a n t i n o d e on F i g . 16. H y p e r s p h e r i c a l p o t e n t i a l c u r v e s -u~( R ) / R~ vs. R f o r t h e t I P c h a n n e l s converging t o t h e n=2 s t a t e of ~e ' . (From Ref. 37) t h e p o t e n t i a l r i d g e i n F i g . 1 1 , w h i l e t h e 11-" channel (u=2) i s antisymm e t r i c i n a , h a v i n g a node on t h e p o t e n t i a l r i d g e . The symmetry a b o u t a = n/4 f o r t h e He wavefunctions h o l d s f o r a l l R v a l u e s due t o t h e degeneracy i n energy of t h e s e c h a n n e l s . R e i t e r a t i n g t h e d i s c u s s i o n above, r e c a l l t h a t a l t h o u g h t h e "+" and "-" c h a n n e l C o n s i d e r now t h e Be p o t e n t i a l s i n F i g . 16 . Two d i f f e r e n c e s from He a r e immediately a p p a r e n t . F i r s t , t h e p o t e n t i a l c u r v e s a r e non-degenerate f o r R + m. Secondly t h e r e i s a n avoided c r o s s i n g between t h e f i r s t and second p o t e n t i a l c u r v e s f o r 4 < R < 6. Otherwise, however, one e x p e c t s
most o f t h e a b s o r p t i o n s t r e n g t h , a s i n He, t o go i n t o t h e channel w i t h t h e l o w e s t p o t e n t i a l c u r v e . I n h i s c a l c u l a t i o n s Greene expanded t h e channel
The most i m p o r t a n t f u n c t i o n s gyE1 E2 ( t h o s e w i t h klL2 = T'spll) a r e shown i n F i g . 1 7 f o r t h e p o t e n t i a l c u r v e s p = 1 and p = 2 f o r v a r i o u s R v a l u e s . For R = 2 one s e e s t h a t t h e p = 1 f u n c t i o n i s approximately symmetric a b o u t a = n / 4 w h i l e t h e p = 2 f u n c t i o n i s approximately a n t i s y m m e t r i c , j u s t a s f o r t h e t h e "+" and "-17 c h a n n e l s i n He. A s R i n c r e a s e s , however, t h e s e a d i a b a t i c c h a n n e l f u n c t i o n s drop i n t o one o r t h e o t h e r of t h e potent i a l v a l l e y s i n F i g . 1 1 , i . e . , t h e y = 1 a m p l i t u d e becomes c o n c e n t r a t e d n e a r a = 0 w h i l e t h e p = 2 a m p l i t u d e becomes c o n c e n t r a t e d n e a r a = s/2. Thus, a s R i n c r e a s e s , t h e non-degeneracy o f t h e t h r e s h o l d s i n Be c a u s e s a breakdown of t h e l'+lv and "-'I symmetry a b o u t a = n/4 observed a t s m a l l R v a l u e s . Furthermore, t h i s t r a n s i t i o n is s e e n t o o c c u r f o r R v a l u e s 4 i R i 6 .
What is r e m a r k a b l e a b o u t Greener s t r e a t m e n t of t h e coupled r a d i a l e q u a t i o n s ( 7 ) is t h e f i n d i n g t h a t t h e s o l u t i o n which a t s m a l l R s t a r t s o u t a s t h e a d i a b a t i c wave f u n c t i o n Fy=1(R)$p=1(R;C2) i n t h e ~= 1 channel becomes a t R > 6 a n e a r l y e q u a l s u p e r p o s i t i o n of t h e a d i a b a t i c wave f u n c t i o n s f o r p = 1 and p = 2 i n such a way t h a t t h e "+" symmetry is p r e s e r v e ' c h a r a c t e r becomes a t R > 6 a n e a r l y e q u a l s u p e r p o s i t i o n of t h e = 1 and p = 2 channel f u n c t i o n s .
d through t h e a v o i d e d p o t e n t i a l c r o s s i n g r e g i o n . I n o t h e r words, j u s t a s i n He, t h e 11+" s o l u t i o n p r o c e e d s d i a b a t i c a l l y t h r o u g h t h e avoided p o t e n t i a l c r o s s i n g . T h i s a l s o e x p l a i n s t h e l a r g e e x c i t a t i o n c r o s s s e c t i o n observed i n Be s i n c e , u n l i k e t h e c a s e i n He, t h e s t a t e having "+l
F u r t h e r m o r e , i t is e x p e c t e d t h a t t h i s d i a b a t i c behavior of t h e hyperspher
i c a l "+" s o l u t i o n w i l l be a common f e a t u r e of a l l a l k a l i n e e a r t h and o t h e r similar two e l e c t r o n ~~s t e m s . 1 0 , 37 I n d e e d , R-matrix c a l c u l a t i o n s 3 9 have found t h e e i g e n c h a n n e l f u n c t i o n s f o r Mg I P f i n a l s t a t e s t o be very s i m i l a r i n c h a r a c t e r t o t h o s e f o r Be. The h e a v i e r a l k a l i n e e a r t h atoms Ca, S r , Ba, and Ra r e q u i r e t h e t r e a t m e n t of a s t i l l l a r g e r number of c h a n n e l s due t o t h e p r o x i m i t y i n energy o f bound ltd7' o r b i t a l s . However, even f o r t h e s e elements, a h y p e r s p h e r i c a l sentation at short distances (the QSH wave functions) to the best representation at large distances (the IP wave functions). The matching is done for values of R in the range 6 -8 a.u. As shown in Fig. 3 , this range in R is transitional between electronic motion on the potential ridge (cf. Fig. 1 1 ) and electronic motion in the potential valleys (cf. Fig. 11 ).
The lessons provided by this calculation are that, firstly, the QSH wave functions are a very good representation at small distances where electronic motion is concentrated on the potential ridge; and secondly, when the wave function begins to depart from the potential ridge as R increases, it is best to switch to an IP representation of the electronic motion.
Asymptotic Expansions
As shown by Macek,9 the QSH wave functions do tend to an IP form at asymptotically large values of R. The work of christensen-~als~aard,53 however, has shown that the numerically calculated QSH wave functions should be matched to IP wave functions at much shorter distances in order to obtain accurate phase shifts and energies. To facilitate an analytic match, Zhen and ~a c e k 5~ have obtained asymptotic expansions in powers of (l/R) for QSH potentials and wave functions. The channel functions @u(~;a,;l ,;2) have been determined throu h terms of order R -~, and the po-8 tentials U,,(R) through terms of order R-. Among their findings is that the QSH wave functions evolve into polarized orbitals as R -m.
EXTENSIONS OF THE QUASI-SEPARABLE APPROXIMATION
While the majority of the three-body systems studied by means of the quasi-separable approximation in hyperspherical coordinates have been twoelectron atomic and ionic systems in field-free space, a number of other three-body systems have been examined by this method in the last several years. These other three-body systems include the H2+ molecule by Greene,55 the e+-H system by Pelikan and ~l a r , 5~ H-in an electric field by ~i n , 5 7 H-and H e in a magnetic field ~1 1 0 9~ by Park and ~tarace,l5 the positronium negative ion (e+ -e--e-) by Botero and ~r e e n e , 5~ and the HD' system by Macek and ~e r j ian.59 In addition, Macek has used hyperspherical coordinates to study loosely bound states of three bosons interacting via short range two-body forces insufficient to bind any two of them.60 One may expect further such extensions in the future.
CONCLUSIONS
We have surveyed broadly in this paper the use of the hyperspherical method to study three-body systems. In particular, we have shown that the quasi-separable (or adiabatic) approximation in hyperspherical coordinates provides a classification of doubly-excited electronic states, provides quantitatively accurate predictions for the lowest states in hyperspherical potentials and for processes connecting them, and provides at least qualitative insight into excitation processes. The evidence from several studies is that the quasi-separable wave functions, in general, provide an excellent representation for two electron wave functions at short distances near the nucleus, but tend too slowly to the more appropriate independent particle representation at large radial distances. Finally, we have mentioned a number of applications in recent years of the hyperspherical method to three-body systems other than two-electron atoms or ions in f ield-free space.
